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Abstract-Let S be a minimum dominating set of
aconnected undirectedgraphG = (V, E). Inthispaper
we study and
analyzecenterandcentroidofgraphsondominatingsets.
TheS-distanceofavertexuisdefinedbyds(u)=
Ywesd(u,v) . AvertexuofGissaidtobeas-
centroidvertexifitminimizeds(u)=Yvesd (u,v). TheS-
centroidgraphof

G is the graph induced by the set of all S-centroid
vertices and is denoted by C,(G). The S -eccentricity of
a vertex u is definedbyes(u)=max{d(u,v):v€S}.From
this wecandefinetheS-
radiusofGasrads(G)=min{es(u):u€V(G)}andthes-
diameterofGasdiams(G)=max{es(u):u€V(G)}.Nowthe
vertexvisaS-centralvertexifes(u)=

rads(G), and the S-center Cs(G) is the graph induced
by the set of all S-central vertices. An edge e of G is
said to be a S-
centroidedgeifitminimizeds(e)=Yvesd(e,v). TheS-
centroidgraphofGwithrespecttoedge-to-
vertexdistanceis the graph induced by the setofallS-
centroid edges and is denoted byC:(G). The S-
eccentricityof an edge eis defined
byez,(e)=max{d(e,v):veS}.Fromthiswecandefinethes-
radiusofGasrz,(G)=min{ez,(e):e€E(G)}andthe

S-
diameterofGasd2,(G)=max{ez,(e):e€E(G)}.Nowtheverte
xvisaS-centraledgeifez,(e)=rads(G),andthe
S—centerCz,(G)withrespecttoedge-to-

vertexdistanceisthegraphinducedby  thesetofall S-

centraledges.

Keywords—  S-status, S-centroid, S-center,
graphs, dominating set, eccentricities, centre

INTRODUCTION

Centrality is one of the fundamental
notions  which have  established close
connectionbetween graph
theoryandvariousotherareas like socialnetworks.The
mainobjectiveofanyfacilitylocationproblemis
toidentify thelocationforthe facilityfor
communityora  setofcustomers  suchthat  the

distancebetweenthelocationandthe community or
customers is minimized.

The graph center problem is interesting
from both a structural and the algorithmic point of
view.P, J. Slater generalized the concept of center of
a graph to center of a profile of the vertex set of the
graph. Graphs are often used to model such things
as street networks and communication networks,
and many mathematical problems have arisen from
different instances of the question of what is an
optimal location for a facility in a graph. In the
almost cases the type of facility to be established is
one for which a “central” location is optimal. The
study of minimizing the total distance from the
facility to certain important sites is the concept, S-
distance.

Weconsideronly
finitesimpleundirectedconnectedgraphs.Foragraph
G,VdenotesthevertexsetandE denotestheedgeset.

In 1964, Hakimi [4] considered the facility
location problems as vertex-to-vertex distance in
graphs. Foranytwo verticesu and vinaconnected
graph G, thedistance d(u,v) isthelengthofashortest
u—uvpathin G. For a vertex v in G, the eccentricity
e(v) of v is the distance between v and a vertex
farthest from v in G. The minimum eccentricity
among the vertices of Gis its radius and the
maximum eccentricity is its diameter, denoted by
rad(G) and diam(G) respectively. A vertex v in G
is a central vertex if e(v)=rad(G) and the subgraph
induced by the central vertices of G is the center
Cen(G) or C(G) of G.

In2010,Santhakumaran[7] introduced the
facilitylocation problemasedge-to-vertexdistance in
graphsas
follows:Foranedgeeandavertexvinaconnectedgraph
G ,theedge-to-vertexdistanceisdefinedbyd(e,v)=
min{d(u,v):uisanyendvertexofe}.Theedge-to-
vertexeccentricityisdefinedbye2(e)=max{d(e,v):
vEV} AvertexvofGsuchthatez(e)=d(ev)iscalledane
dge-to-vertexeccentricvertexofe. Theedge-to-
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vertexradius’zof
Gisdefinedby2=min{e,(e):e€E}andtheedge-to-
vertexdiameterdzofGisdefined by
d,=max{ez(e):e€E}. An edge efor which ez2(e)is
minimum is called an edge-to-vertex central edge of
Gand the set of all edge-to- vertex central edges of
Gis the edge-to-vertex center C2(G)of G. For a set
Sof vertices, let the closed interval I[S] of S be
the union of the closed intervals I[v,w] over all
the pairs of vertices v and w in S. For a set S of
edges, let the closed interval I2[S] of S be the
union of the closed intervals I[e,f] over all the
pairs of edges e and fwhose end points
belongs to V. A set SC V(G) is a dominating set
of G if every vertex in V(G) is either belongs to S or
is adjacent to a vertex of S. The minimum
dominating set or y — set is a dominating set of
minimum cardinality.

InthispaperweconsiderthesetSastheminimu
mdominatingset.

¥y

Figurel.AgraphG
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I. S-CENTERANDS-CENTROIDON
y—SETSWITHRESPECTTOVERTEX-TO-
VERTEXDISTANCE

In this section we construct some basic
theorems on S-Center and S-Centroid on minimum
dominating sets with respect to vertex- to- vertex
distance. Let G=(V,E) be a graph and Sbe any
subset of the vertex set V. Then the S-distance of a
vertex uis defined by ds(u)=Yvesd(u,v). A vertex
uof Gis said to be aS-centroid vertex if it minimize
ds(u)= Yvesd(u,v). The S-centroid graph of Gis the
graph induced by the set of all S-centroid vertices
and is denoted by C,(G).

TheS-eccentricityofavertex uisdefined

byes(u)=max{d(u,v):veS}.Fromthiswecan

definethe
S-radius
ofGasrads(G)=min{es(u):u€V(G)}andtheS-
diameterof Gas diams(G)=max{es(u):ue
V(G)}. Nowthe vertex v is a S-central vertex if
es(u) = rads(G), and the S-center Cs(G) is the
graph induced by the set ofall S-central vertices.
Inthe followinggraph, we find S-centroid and S-
center with respect to vertex-to- vertex distance.

Inthisgraph,theminimumdominatingsetisS={v1,vs}.Hereds(v1)=3,ds(v2)=3,ds(v3)=3,ds(vs)=
3,ds(vs)=3,ds(ve)=5,ds(v7) =5andalsothesetofallS-centroidverticesis{v1,v2,v3,v4,vs}.Here,
es(vi))=max{d(v1,v1),d(v1,v5)}=3, es(v2)=max{d(vz,v1),d(v2,vs)}=2, es(vz)= max{d(vs, v1),
d(v3,v5)}=2, es(va)=max{d(vs, v1), d(v4, v5)}=2and so on.

T

C}, [:Gj 7y g

g

Figure2.TheS—centroidofthe graphshowninFigurel

Hence rads(G) = 2, and so the set ofall S-central verticesis{vz,v3,vs}. Fromfigure 1 we canconstruct theS— centroid

and S-center.
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V2

Cs(G):

U3

Figure3.TheS—centerofthe graphGrepresentedinFigurel

Theorem2.1
Let Sheasetofaconnected graphG.
Thenrads(G)<rad(G).

Proof:

LetV (G)={v1,v2,...,vn}bethevertex setof
GandletS={v1,v>,..., vx}heay—setof G,(k<n).
Nowrads(G)=min{es(v1),es(v2),es(v3),...es(vn),vi
€V(G),i=1ton}.Wehavetoproverads(G)<
rad(G).Letrad(G)=mandletubeacentralvertexofG.T
hene(u)=d(u,w)=mwherewistheeccentric vertex of
u. Now we analyze the location of the vertex w in
two cases.
case(i):Supposewes, thenclearlyrads(G)=rad(G).
case(ii): SupposewgS,thenS containsthe
verticesvisuchthatd (u,v)) <mVi=1tom.
Therefore, rads(G)<rad(G).
Theorem2.2
Let Sbeasetofaconnected
graphG.Thendiams(G)<diam(G).
Remark2.3
IfS={v},thenrads(G)=0andCs(G)={v}.
Fromthisweconcludethepropertythatrads(G)
<diams(G)<2rads(G)is nothold.
Theorem2.4
LetShea
minimumdominatingsetofaconnectedgraphG
.ThentheS—centerisasubsetofI[S].
Proof:
LetSbeaminimumdominatingsetofaconnecte
dgraphG,sayS={u1,uz,....,ux}.LetvbeaS-
central
vertex. Then we have to show that vbelongs to I[S].
Suppose to the contrary that we take vis not in I[S].
We have toshow thatvis not aS-central vertex.
Thenvis dominatedby avertexw:(1 < i < k)ofS.
Then es(v) = max{d(v,u:):w€S} is not minimum.
Thereforevis not a S —central vertex. Hence the set
of all S —central vertices is a subset of I[S].
Corollary2.5
T
heS—
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centerCs
©
iscontai
nedinthe
Steinertr
eeofS.
Remark
2.6
Let S be a minimum dominating set of a
connected graph G. Then the central vertices and the
set of all S- central vertices need not be same.

Theorem2.7
TheS-
centerofanyconnectedgraphGlieswithinabloc
k.

Proof:

Suppose the S-center Cs(G) of a connecteg graph
lies in more than one block. Then G contains a cut
vertex Vv such thatG-vhascomponents
GiandGz,eachofwhichcontainsaS-centralvertexofG.
LetubeanS-eccentricvertexof v and let P be a u-v
path of length es(v). Then v contains no vertex
fromat least one of Giand G2, say Gi. Let wbea S-
central vertex of Giand P' be a w-v geodesic in G.
Suppose u has another S-eccentric vertex x, then
es(u)=
d(u,w)=mandes(u)=d(u,x)=m.AssumethatweSand
xgSthenrads(G)=rad(G).

Thenes(w)=> d(w,v) + div,u) = 1 + es(v)
whichisa contradiction to wisa S-central vertex.
Thenall the S- central vertices must lie in a
single block.

Theorem2.8
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Proof: InatreeT,everyS-centralvertexisacentralvertex.

Letube aS-centralvertex. Wehave
is,e(u)Grad(T)=e(uw)>rad(T).Wetakee (w)=rad(

T) + 1.ThereforethereexistsaeccentricvertexveV
foru,e(w) = d(uwv) = rad(T) +1.SinceuisaS-
centralvertex,es(u) = rads(T),thereexistsaS-

eccentric  vertex weSfor u.  That s,
d(u,w)=es(u)=rads(T). Hence veSor vgS.
case(i): Supposethat vES.Sincevis a

farthestvertextouinV,visthefarthest
vertextouinSd(u,v)=es(u)=
rads(T).rad(T)+1=es(u)=rads(T).Hencerad(T)
+1=rads(T)whichimpliesrad(T)<rads(T)
whichisacontradictiontouisaS-
centralvertex.Henceuisacentralvertex.
case(ii):SupposevaS.SinceSisay—set,visdominatedby
Proof:

u. Since u is a S-central vertex, it is clear that vis an
end vertex. Since S is a y — set, v is dominated by at
least one
vertex,sayx€S.Hencewehaved(v,x)=1.Sincevisthefa
rthestvertextou,xliesbetweenuandwv. Thatis,
d(u,v)=d(u,x)+d(x,v)whichimpliesthatd (u,x)=ra
ds(T).Therefore,rad(T)=rads(T)+1.Hence,
rads(T)=rad(T)—1.
Theorem2.10
InatreeT,everycentralvertexisaS-
centralvertex.
Proof:
Letubeacentralvertex.Nowuisacentralvertex,t
hereexistsaS-eccentricvertexvinVsuchthat
d(u,v)=e(w)=rad(T). We have to show that u is
S-central vertex. Hence there are two cases, veSor
| |
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toshowthatuiscentralvertex.Suppose uisnota

centralvertex.That

atleastonevertexsayx€S.Hencewehave
d(v,x)=1.Sincevisthefarthestvertextou,xliesbetween
uandv.i.e.,d(u,v)=d(u,x) + d(x,v)which
impliesrad(T) + 1=d(u,x) +
d(x,v).Therefore,d(u,x)=rad(T).SincexeS,xisthef
arthestvertextouin S, d(u,x) =rads(T).
Thereforewe get,rads(T) = rad(T)whichis a
contradiction to u is aS-centralvertex. In both the
cases on v there are contradictions on u is a S-
central vertex. Hence u is a central vertex.
FortreeT,rads(T)=rad(T)—1if
no endvertices.

Scontains

LetubeacentralvertexinT.Itimpliesthatrad (T)=d (u,v
)=e(u),wherevisaneccentricvertexfor

vgaS.
case(i):SupposeveS.Sincevisafarthestvertextou,vist
hefarthestvertextouinS.d (u,v)=es(u)=
rads(T).Henceu isaS-centralvertex.
case(ii):SupposevaS.SinceSisay—set,visdominatedby
atleastonevertexsay,x€S.Henced(v,x)=1
andsoxisthefarthestvertextouandisinSandsod (u,x)=es
(w).SincevisthefarthestvertextouandvgS, =
d(u,x) = es(u). Therefore, d(u,x) = rad(T). Since
XE S, x is the farthest vertex to u in S, d(u,x) =
rads(T). Therefore, rads(T) = rad(T), which is a
contradiction to u a S-central vertex. In both the
cases there are contradictions on u a S-central vertex
and so u is a central vertex.

1. S-CENTERAND S-CENTROIDONy—SETSWITHRESPECTTOEDGE-TO-VERTEXDISTANCE

InthissectionweconstructsomebasictheoremsonS-CenterandS-Centroidonminimumdominating sets
with respect to edge - to- vertex distance. The S-distance of a edge e is defined byds(e) = Y.vesd(e,v). An edge
e of Gis said to be a S-centroid edge if it minimize ds(e)=).vesd(e,v).

V2

Ve

U3

v7

Figure3.Agraph
The S-centroid graph of Gwith respect to edge - to- vertex distance is the graph induced by the set of all S-centroid
edgesandisdenotedbyCzy(G).TheS-eccentricityofanedgeeisdefinedbyezs(e)zmax{d(e,v):veS}.From
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this we can define the S-radius of G asr2((G) = min{ez,(e):e € E(G)} and the S-diameter of G as d2,(G) =
max{ez,(e):e € E(G)}. Now the vertex v is a S-central edge if ez(e) = rads(G), and the S-center C2,(G)with
respect to edge - to- vertex distance is the graph induced by the set of all S-central edges.
Intheabovegraph,wefindS-centroidandS-centerwithrespecttoedge-to-vertexdistance.

Letusassumeer = vivze: = ViV3e3 = UVaVs,e4 = UV3Vse5s = UViUsee = UsUger = vsvz.Inthisgraphthe
minimumdominatingsetisS={v1,vs}.Hereds(e1)=0 + 2=2,ds(e2)=0 + 2=2,ds(e3)=1 + 1= 2,ds(es) =1+ 1 =
2,ds(es) =2 + 0 = 2,ds(es) = 3 + 0 = 3,ds(e7) = 3 + 0 = 3andalsothesetofallS- centroid edges is {e1, e2, e3, es,
es}.

V2
e3
€1 es
CZV(G): U1
V4
e2 €4
V3

Figure4.TheS—centroid withrespectedge-to-vertexdistanceofthegraphGrepresentedinFigure3

Here, ez (e1)=max{d(e1,v1),d(e1,vs)}=2,e2,(e2)=max{d(ez,v1),d(ez,vs)}=2,
e2,(es)=max{d(es,v1),d(e3,vs)}=2,e2,(es)=max{d(esv1),d(esvs)}=1,
e2,(es)=max{d(es,v1),d(es,vs)}=3,e2,(es)=max{d(es,v1),d(es,vs)}=3,
e2,(e7)=max{d(e7,v1),d(e7,vs)}=3.Hence,r>,(¢)=1,andsotheS-centerisC2,(G) ={es}.

V4
C2,(G):

U3

Figure5.TheS—centerwithrespectedge-to-vertexdistanceofthegraphGrepresentedinFigure3

We knowthat the S -eccentricityofa edge e isdefined byez,(e) = max{d(e,v):ve S}. Fromthis we candefine the S-
radius as r2,(G)=min{ez,(e):e€E(G)}and the S-diameter as d2;(G)=max{ez,(e):e€E(G)}.
Nowwis aS-centraledgeifez (e)=r2,(G)andthe S-centerC2,(G)is thesetof allS-central edges.
In the Figure 2, for the y — Set § ={v1,vs}, r2,(6) = 1 and d2,(G) = 3.
Theorem 3.1

Let Sbeasetofaconnected graphG. Thenr2,(G)<r2(G).
Proof.

LetE(G)={e1,ez,...en}bethevertex setof GandletS={v1,vz,... vi}beay —setofG, (k<n).
Nowrz,(G)=min{ez,(e1),e2,(€e2),e24(e3),....€2,(en),e:€E(G),i=1ton}.Wehavetoprovethatrz,(G) <
r2(G).Let r2(G)=mandletebeacentralvertexofG.Thenez(e)=d(e,w)=mwhere wistheeccentricvertex
ofe.Nowweanalyzethelocationofthe vertexwintwo cases.
case(i).Supposethatwes, thenclearlyr2,(G)=r2(G).
case(ii).SupposethatwgS,thenScontainstheverticesvisuchthatd (e,vi) <mforeveryi=1 to m.Hence
r2,(G)<r2(G).Therefore,r2,(G)<r2(G). n
Theorem3.2
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LetShea set of a connectedgraph G.Thendz(G)<d2(G).
Proof.

TheproofissimilarastheproofofTheorem2.3. u
Remark3.3

Let Sbe aminimum dominatingset of a connectedgraphG. Then the central edges andthe set of all S- central
edges need not be same.

Theorem3.4

InatreeT,everyS-centraledgeisacentraledge.
Proof.

LetebeaS-centraledge.Wehavetoshowthateiscentraledge.Supposeeisnotacentraledge.i.e.,
e2,(e)Gr2(T)=ez,(e)>r2(T).Wetakeez (e)=r2(T)+1.ThereforethereexistsaeccentricvertexveVfor
e,e2;(e)=d(e,v)=r2(T)+1.SinceeisaS-centraledge, ez (e)=r2,(T),thereexistsaS-eccentricvertex
weSfore.Thatis,d(e,w)=ez,(e) = r2,(T).Henceve Sorvgs.

Case(i):SupposeveS.SincevisafarthestvertextoeinV visthefarthestvertextoeinS,d(e,v)=ez ()=

r2,(T).r2(T) + 1=ez.(e)=r24(T).Hencerz(T) + 1=r2(T)whichimpliesr2(T)<rz,(T)whichisa contradiction to e is a
S-central edge. Hence e is a central edge.

Case(ii):SupposevgsS.SinceSisay —set,visdominatedbyatleastonevertexsayx€S.Hencewehave
d(v,x)=1.Sincevisthefarthestvertextoe, xliesbetweeneandv.Thatis,d(e,v)=d(e,x) + d(x,v)which
impliesr2(T)+1=d(e,x)+ d(x,v).Therefore,d(e,x)=r2(T).Sincex€S,xisthefarthestvertextoeins,

d(ex) =r24(T). Therefore we get, r2(T) = r2(T)which is a contradiction to e, eis a S-central edge. In both the
cases on v there are contradictions on e is a S-central edge. Hence, e is a central edge. [

CONCLUSION [7] SanAyeandMinAung., n-CentrumandSteiner
Centre and centroid are two crucial n-

emergency locations that are examined in this CenterofaTree,AUJournalofTechnology, Vol
research. In contrast to the usual practice of 5No.4 (2002), Pages 199-202.

8] A.P.Santhak ,Centerof.
defining them using vertices, they are defined 1% ialswiliiviagiecy
here by fixing a preponderant set of graphs.
Additionally, they are described in relation to

aphwithrespecttoedges,SCIENTI
AseriesA:Mathematical Sciences,
19 (2010), 13-23.

edges. In addition, we define vertex to edge
and edges to edge lengths and verify and list
their qualities.
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